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CHAPTER 9

Approximation of Functions

The class of polynomials is undoubtedly the simplest class of functions. In
this chapter we shall discuss how to use polynomials to approximate continu-
ous functions. Piecewise polynomial functions (splines) will also be discussed.
Attention will be primarily confined to real-valued functions of a single
variable x.

9.1. WEIERSTRASS APPROXIMATION

We may recall from Section 4.3 that if a function f(x) has derivatives of all
orders in some neighborhood of the origin, then it can be represented by a
power series of the form X%,_,a,x". If p is the radius of convergence of this
series, then the series converges uniformly for |x| <r, where r<p (see
Theorem 5.4.4). 1t follows that for a given € > 0 we can take sufficiently many
terms of this power series and obtain a polynomial p,(x)=YX/_,a,x* of
degree n for which |f(x) —p,(x)| < e for |x| <r. But a function that is not
differentiable of all orders does not have a power series representation.
However, if the function is continuous on the closed interval [a, b], then it
can be approximated uniformly by a polynomial. This is guaranteed by the
following theorem:

Theorem 9.1.1 (Weierstrass Approximation Theorem). Let f: [a,b] > R
be a continuous function. Then, for any € > 0, there exists a polynomial p(x)
such that

|f(x)—p(x)|<e forall x<[a,b].

Proof. Without loss of generality we can consider [a, b] to be the interval
[0, 1]. This can always be achieved by making a change of variable of the form
xX—a

b—a’

=
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404 APPROXIMATION OF FUNCTIONS

As x varies from a to b, t varies from 0 to 1. Thus, if necessary, we consider
that such a linear transformation has been made and that ¢ has been
renamed as x.

For each n, let b,(x) be defined as a polynomial of degree n of the form

(0= (3]0 (2], 9.1)

k=0

where

T (3)xta-n (2

These identities can be shown as follows: Let Y, be a binomial random
variable B(n, x). Thus Y, represents the number of successes in a sequence
of n independent Bernoulli trials with x the probability of success on a single
trial. Hence, E(Y,) =nx and Var(Y,) = nx(1 —x) (see, for example, Harris,
1966, page 104; see also Exercise 5.30). It follows that

(7 xk(1-x)"*=P(0<Y, <n)=1. 9.5
Furthermore,
K |xk(1=x)" =E(Y, = nx, 9.6

é,kZ(Z)xk(l —0)" = E(Y2) = Var(Y,) + [E(Y)]

— (1 —x) + n2x? =n2[(1 - %)x2+ % (97

Identities (9.2)-(9.4) follow directly from (9.5)—(9.7).
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Let us now consider the difference f(x)—b,(x), which with the help of
identity (9.2) can be written as
- k n k n—k
f(x) =b(x)= 2 |f(x)—f|= PR RGN (9-8)
k=0 n
Since f(x) is continuous on [0, 1], then it must be bounded and uniformly

continuous there (see Theorems 3.4.5 and 3.4.6). Hence, for the given € > 0,
there exist numbers &6 and m such that

if |x; —x,| <8

N m

| (1) = f(xy) | <

and

|f(x)|<m  forall xe[0,1].

From formula (9.8) we then have

n

|f(X)—bn(X)|SkZ

=0

0 =1 ) (2=

If |x—k/nl <8, then |f(x)—f(k/n)| <e/2; otherwise, we have |f(x)—
f(k/n)|l <2m for 0 <x < 1. Consequently, by using identities (9.2)—(9.4) we
obtain

[f(x)=b(x)|< X g(z)xk(l_x)nk

lx—k/n| <8
+ ) Zm(Z)xk(l—x)"k
lx—k/n| =8
€ k/n—x)*
<=+2m (/—)Z(Z)xk(l—x)"k
2 |x—k/n|=>8 (k/n_x)
€ 2m k 2
<-+—= ) (——x) (n)xk(l—x)"k
2 ? lx—k/n| =5\ k
e 2m I [(k* 2kx
<—+— — = — +x? ”)"1 ok
) 21;‘40(”2 X (kx( x)
€ 2m 1
s—+—2[(1——)x2+——2x2+x2
2 é n n
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Hence,

2m x(1—x)
8 n

m
2n8%’

() = (0)| <5 +

< 9.9
-+ .
= (9.9)

since x(1 —x) < 1 for 0 <x < 1. By choosing n large enough that

m €
5752 <75
2néd 2

we conclude that
| f(x) =b,(x)|<e

for all x €10, 1]. The proof of the theorem follows by taking p(x) = b,(x).
O

Definition 9.1.1. Let f(x) be defined on [0,1]. The polynomial b,(x)
defined by formula (9.1) is called the Bernstein polynomial of degree n for

f(x). O

By the proof of Theorem 9.1.1 we conclude that the sequence {b,(x)}_,
of Bernstein polynomials converges uniformly to f(x) on [0, 1]. These polyno-
mials are useful in that they not only prove the existence of an approximating
polynomial for f(x), but also provide a simple explicit representation for it.
Another advantage of Bernstein polynomials is that if f(x) is continuously
differentiable on [0, 1], then the derivative of b,(x) converges also uniformly
to f'(x). A more general statement is given by the next theorem, whose proof
can be found in Davis (1975, Theorem 6.3.2, page 113).

Theorem 9.1.2. Let f(x) be p times differentiable on [0, 1]. If the pth
derivative is continuous there, then

. dPb,(x) dPf(x)
T T

uniformly on [0, 1].

Obviously, the knowledge that the sequence {b,(x)};_, converges uni-
formly to f(x) on [0, 1] is not complete without knowing something about the
rate of convergence. For this purpose we need to define the so-called
modulus of continuity of f(x) on [a, b].
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Definition 9.1.2. If f(x) is continuous on [a, b], then, for any &> 0, the
modulus of continuity of f(x) on [a, b] is

w(8) = sup |f(x) —f(x)],

|x1 *XZl <o
where x; and x, are points in [a, b]. O

On the basis of Definition 9.1.2 we have the following properties concern-
ing the modulus of continuity:

Lemma 9.1.1. If 0 < §, < §,, then w(§,) < w(§,).

Lemma 9.1.2. For a function f(x) to be uniformly continuous on [a, b] it
is necessary and sufficient that lim;_, , @(8) = 0.

The proofs of Lemmas 9.1.1 and 9.1.2 are left to the reader.
Lemma 9.1.3. For any A > 0, w(A8) < (A + Dw(8).

Proof. Suppose that A >0 is given. We can find an integer n such that
n<A<n+1. By Lemma 9.1.1, ®(A8) < w[(n + 1)8]. Let x, and x, be two
points in [a, b] such that x, <x, and |x; —x,| <(n + 1)3. Let us also divide
the interval [x,, x,] into n + 1 equal parts, each of length (x, —x,)/(n + 1),
by means of the partition points

(xy—xy)

=x, + , i=0,1,...,n+1.
yi=xti— = i n

Then

| F(x1) =f(x2) [ =] £(x2) = f(x)]

Il
I’ [\1:

[f(y,+1) —f()]

||M:

|f(yl+1) —f(y)l
<(n+1)w(s),
since |y, =yl =[1/(n+ D]lx, —x,] <6 for i =0,1,...,n. It follows that

w[(n+1)8] = sup  [f(x)) —f(x) [ < (n+1)o(8).

[x1=x,] <(n+1)8
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Consequently,

w(Ad) <o[(n+1)8] <(n+1)w(d)

<(A+1)w(d). O

Theorem 9.1.3. Let f(x) be continuous on [0,1], and let b,(x) be the
Bernstein polynomial defined by formula (9.1). Then

3 1
|f(x)—bn(x)|ﬁgw(ﬁ)

for all x €10, 1], where w(8) is the modulus of continuity of f(x) on [0, 1].

Proof. Using formula (9.1) and identity (9.2), we have that

o s oo

<X

k=0

sZw(

k=0

n

o =1 ) ()=

x—%‘)(Z)xk(l—x)"k.

Now, by applying Lemma 9.1.3 we can write

w x—E = nl/zx—fn_l/2

n n

k

< 1+n1/2x——)w(n1/2).
n
Thus
£(x) =b ()] < X (140725 —= )w(wﬂ)(”)xk(l—x)""
k=0 n k

n
1+n% Y
k=0

<w(n %) x— =

: (Z)xk(l—x)"k}.
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But, by the Cauchy—Schwarz inequality (see part 1 of Theorem 2.1.2), we
have

£t
k=0
; R R
T
‘ K\ (n k-1/2 -~ (n ]
<X (x——) ( )xk(l x)"” [Z( )xk(l—x)" }
| k=0 n) \k K=o \K
. 2 1/2
=) (x——) (Z)xk(l—x)"k , by identity (9.2)
| k=0 n ]
1 1/2
= x2—2x2+(1——)x2+— , by identities (9.3) and (9.4)
n
x(1—x) 172
- n
12
< E} ,  since x(1—x) <j.

It follows that

| f(x) —b(x)|<w(n'/?)

12
1+n!/? L
4n ’

|£(x) =by(x)[<30(n"""?)

for all x [0, 1]. O

that is,

We note that Theorem 9.1.3 can be used to prove Theorem 9.1.1 as
follows: If f(x) is continuous on [0, 1], then f(x) is uniformly continuous on
[0,1]. Hence, by Lemma 9.1.2, w(n"'/?) > 0 as n — .

Corollary 9.1.1. If f(x) is a Lipschitz continuous function Lip(K, a) on
[0, 1], then

| /(%) = b,(x)| = 2Kn~="2 (9.10)
for all x [0, 1].
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Proof. By Definition 3.4.6,
|F(x1) = f(x2) [ < Klxy —x,1°
for all x,, x, in [0, 1]. Thus
w(d)<Ké“.
By Theorem 9.1.3 we then have
| f(x) =b,(x)|<3Kn""/
for all x €10, 1]. O

Theorem 9.1.4 (Voronovsky’s Theorem). If f(x) is bounded on [0, 1] and
has a second-order derivative at a point x,, in [0, 1], then

’}i_r)l},a”[bn(xo) —f(x0)] = 229(1 —2x0) " (x0)-
Proof. See Davis (1975, Theorem 6.3.6, page 117). O

We note from Corollary 9.1.1 and Voronovsky’s theorem that the conver-
gence of Bernstein polynomials can be very slow. For example, if f(x)
satisfies the conditions of Voronovsky’s theorem, then at every point x € [0, 1]
where f”(x) # 0, b,(x) converges to f(x) just like ¢/n, where c is a constant.

ExAMPLE 9.1.1.  We recall from Section 3.4.2 that f(x)=x is Lip(1,3)
for x > 0. Then, by Corollary 9.1.1,

3
Vo =b,(0)|< 557

>
n1/4

for 0 <x <1, where

b,(x) = 2 (Z)xk(l—x)""(S)m.

k=0

9.2. APPROXIMATION BY POLYNOMIAL INTERPOLATION

One possible method to approximate a function f(x) with a polynomial p(x)
is to select such a polynomial so that both f(x) and p(x) have the same
values at a certain number of points in the domain of f(x). This procedure is
called interpolation. The rationale behind it is that if f(x) agrees with p(x)
at some known points, then the two functions should be close to one another
at intermediate points.

Let us first consider the following result given by the next theorem.
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Theorem 9.2.1. Let ay,a,,...,a, be n+ 1 distinct points in R, the set of
real numbers. Let b, by,..., b, be any given set of n + 1 real numbers. Then,
there exists a unique polynomial p(x) of degree <n such that p(a;) =b;,

i=0,1,...,n.

Proof. Since p(x) is a polynomial of degree <n, it can be represented as
p(x) = Yj_pc;x’. We must then have

n
cha{-=bi, i=0,1,...,n.
j=0

These equations can be written in vector form as

2. n

L a, a; @y || o 0

1 a a - a'llcq b, (9.11)
2 n

1 a, a, a, || c, b,

The determinant of the (n + 1) X (n + 1) matrix on the left side of equation
(9.11) is known as Vandermonde’s determinant and is equal to I}, (a; —a,).
The proof of this last assertion can be found in, for example, Graybill (1983,
Theorem 8.12.2, page 266). Since the a,’s are distinct, this determinant is
different from zero. It follows that this matrix is nonsingular. Hence, equa-
tion (9.11) provides a unique solution for ¢, ¢y, ..., c,. O

Corollary 9.2.1. The polynomial p(x) in Theorem 9.2.1 can be repre-
sented as

p(x) = > b;l,(x), (9.12)
i=0
where
noX—a
Lix)=11 —,  i=0,1,...,n. (9.13)
j=0 a; —4a;
i

Proof. We have that [,(x) is a polynomial of degree n (i=0,1,...,n).
Furthermore, li(aj) =0if i#j, and I,(a;))=1(=0,1,...,n). It follows that
Y obil(x) is a polynomial of degree <n and assumes the values
by,by,...,b, at ay,ay,...,a,, respectively. This polynomial is unique by

s Uy

Theorem 9.2.1. O

Definition 9.2.1. The polynomial defined by formula (9.12) is called a
Lagrange interpolating polynomial. The points a,,a,,...,a, are called points
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of interpolation (or nodes), and /,(x) in formula (9.13) is called the ith
Lagrange polynomial associated with the a,’s. O

The values by, b,...,b, in formula (9.12) are frequently the values of

some function f(x) at the points a,, a,...,a,. Thus f(x) and the polynomial
p(x) in formula (9.12) attain the same values at these points. The polynomial
p(x), which can be written as

p(x) = Z‘Bf(ai)li(x)a (9-14)
provides therefore an approximation for f(x) over [a,, a,].
ExXAMPLE 9.2.1. Consider the function f(x)=x"2. Let a,= 60, a, = 70,
a, =85, a, =105 be interpolation points. Then
p(x) =7.74601,(x) + 8.3666/,(x) + 9.21951,(x) + 10.24701,( x),
where
I(x) (x—=70)(x—85)(x—105) ’
(60 —70)(60 — 85)(60 — 105)
(x) = (x—60)(x—85)(x—105) ’
(70 — 60)(70 — 85)(70 — 105)
L(x) = (x—=60)(x—70)(x— 105) ’
(85 —60)(85 —70)(85 — 105)
L(x) = (x—60)(x—70)(x—85) .
(105 — 60) (105 — 70) (105 — 85)

Table 9.1. Approximation of f(x) =x'/2 by the Lagrange Interpolating
Polynomial p(x)

x fx) p(x)
60 7.74597 7.74597
64 8.00000 7.99978
68 8.24621 8.24611
70 8.36660 8.36660
74 8.60233 8.60251
78 8.83176 8.83201
82 9.05539 9.05555
85 9.21954 9.21954
90 9.48683 9.48646
94 9.69536 9.69472
98 9.89949 9.89875
102 10.09950 10.09899

105 10.24695 10.24695
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Using p(x) as an approximation of f(x) over the interval [60, 105], tabulated
values of f(x) and p(x) were obtained at several points inside this interval.
The results are given in Table 9.1.

9.2.1. The Accuracy of Lagrange Interpolation

Let us now address the question of evaluating the accuracy of Lagrange
interpolation. The answer to this question is given in the next theorem.

Theorem 9.2.2. Suppose that f(x) has n continuous derivatives on the
interval [a, b], and its (n + 1st derivative exists on (a, b). Let a =a,<a, <
- <a,=b be n+1 points in [a, b]. If p(x) is the Lagrange interpolating
polynomial defined by formula (9.14), then there exists a point ¢ € (a, b) such
that for any x €[a, b], x #a; (i =0,1,...,n),

f(x) =p(x) = 7" (€) 811 (), (9-15)

(n +1y

where
8ni1(X) = ljo (x—a;).

Proof. Define the function h(¢) as

_ B _ ) —p(x Zn1(?)
h(t) =f(0) =p(1) = [F(3) ~p(0)] =
If t =x, then A(x)=0. For t=qa, (i=0,1,...,n),
h(a;) =f(a) =p(a;) = [f(x) = p(x )]g”:((x)) 0.

The function A(t) has n continuous derivatives on [a, b], and its (n + 1)st
derivative exists on (a, b). Furthermore, h(¢) vanishes at x and at all n + 1
interpolation points, that is, it has at least n + 2 different zeros in [a, b]. By
Rolle’s theorem (Theorem 4.2.1), h'(¢) vanishes at least once between any
two zeros of h(¢) and thus has at least n + 1 different zeros in (a, b). Also by
Rolle’s theorem, A”(¢) has at least n different zeros in (a, b). By continuing
this argument, we see that A"V (¢) has at least one zero in (a, b), say at the
point c. But,

(0 =50 ) =y - L
£(x) =p(x)

8n+1(X)

(1)

— fOD(4) — (n+1),
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since p(t) is a polynomial of degree <n and g,,,(¢) is a polynomial of the
form t" "' + A t" + A, t" "1 + -+ + A, for suitable constants A, Ay,..., A, L.
We thus have

x)—p(x

O (O LG P
gn+l(x)

from which we can conclude formula (9.15). O

Corollary 9.2.2. Suppose that f"*Y(x) is continuous on [a,b]. Let
Tn+1 = Supasxsb'f(n+l)(x)|’ Kn+1 = Supa<x<b|gn+1(x)|' Then

Th+1Kn+1
sup. | f(x) —p(x)]< ICE
Proof. This follows directly from formula (9.15) and the fact that f(x) —

p(x)=0for x=ay,a,...,q,. |

We note that «,,,, being the supremum of |g,,,(x)| = [TI/" (x —a,)I
over [a, b], is a function of the location of the a,’s. From Corollary 9.2.2 we
can then write

d(ag,ar,...,a,) (e )
ailigblf(x)—p(X)IS Gt D)1 uiggblf (x)|, (9.16)

where ¢(ay, ay,...,a,) =sup,_ , _,|g,.(x)|. This inequality provides us with
an upper bound on the error of approximating f(x) with p(x) over the
interpolation region. We refer to this error as interpolation error. The upper
bound clearly shows that the interpolation error depends on the location of
the interpolation points.

Corollary 9.2.3. If, in Corollary 9.2.2, n=2, and if a, —a,=a,—a, =9,
then

A
sup | f(x) =p(x)|< 738"
a<x<b
Proof. Consider g;(x) =(x —ay)(x —a,;)(x — a,), which can be written as
g5(x) =2z(z* — 82), where z =x —a,. This function is symmetric with respect
to x=a,. It is easy to see that |g,(x)| attains an absolute maximum over
a, <x <a,, or equivalently, —8 <z <8, when z= +8/V3. Hence,

ky= sup |gy(x)|= max |z(z%-8?)]
ag<x<a, —8<z<$
5 (8?2 52 2 53
R 33
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By applying Corollary 9.2.2 we obtain

V3
sup | f(x) —p(x)| < =738

ag<x<a, 27

We have previously noted that the interpolation error depends on the choice
of the interpolation points. This leads us to the following important question:
How can the interpolation points be chosen so as to minimize the interpola-
tion error? The answer to this question lies in inequality (9.16). One reason-
able criterion for the choice of interpolation points is the minimization of
¢(agy, ay,...,a,) with respect to ay,a,,...,a,. It turns out that the optimal
locations of a,, a,,...,a, are given by the zeros of the Chebyshev polynomial
(of the first kind) of degree n + 1 (see Section 10.4.1). O

Definition 9.2.2. The Chebyshev polynomial of degree n is defined by

T,(x) = cos(n Arccos x)
T x”’z(xz—l)—k n x”’4(x2—1)2+-“,
2 4
n=0,1,....(9.17)

Obviously, by the definition of 7, (x), —1 <x < 1. One of the properties of
T (x) is that it has simple zeros at the following n points:

2i-1 } .

=1,2,...,n. O
2n .

;= cos[

The proof of this property is given in Davis (1975, pages 61-62).
We can consider Chebyshev polynomials defined on the interval [a, b] by
making the transformation

a+b b—a

+
2 2

x= t

which transforms the interval —1 <¢ <1 into the interval a <x <b. In this
case, the zeros of the Chebyshev polynomial of degree n over the interval
[a, b] are given by

a+b b-—a 2i—1
z, = + cos |, i=1,2,...,n.
! 2 2 ( 2n )

We refer to the z’s as Chebyshev points. These points can be obtained
geometrically by subdividing the semicircle over the interval [a, b] into n
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equal arcs and then projecting the midpoint of each arc onto the interval (see
De Boor, 1978, page 26).

Chebyshev points have a very interesting property that pertains to the
minimization of ¢(a,,a,,...,a,) in inequality (9.16). This property is de-
scribed in Theorem 9.2.3, whose proof can be found in Davis (1975, Section
3.3); see also De Boor (1978, page 30).

Theorem 9.2.3. The function

n

¢(ay,ay,...,a,) = sup
a<x<b

>

O(X_ai)

=

where the a,’s belong to the interval [a, b], achieves its minimum at the zeros
of the Chebyshev polynomial of degree n + 1, that is, at

a+b b-a [( 2i+1
= cos

. + 1=0,1,... 9.1

! 2 2
and

. 2(b_a)n+1
min , b(ag,ay,...,a,) = —

From Theorem 9.2.3 and inequality (9.16) we conclude that the choice of
the Chebyshev points given in formula (9.18) is optimal in the sense of
reducing the interpolation error. In other words, among all sets of interpo-
lation points of size n +1 each, Chebyshev points produce a Lagrange
polynomial approximation for f(x) over the interval [a, b] with a minimum
upper bound on the error of approximation. Using inequality (9.16), we
obtain the following interesting result:

sup | £ (). (9.19)

a<x<b

| | 2 b—a n+1
— < — —
0, 1909 =012 G5
The use of Chebyshev points in the construction of Lagrange interpolating
polynomial p(x) for the function f(x) over [a, b] produces an approximation
which, for all practical purposes, differs very little from the best possible
approximation of f(x) by a polynomial of the same degree. This was shown
by Powell (1967). More explicitly, let p*(x) be the best approximating
polynomial of f(x) of the same degree as p(x) over [a, b]. Then, obviously,

sup [ f(x) —p*(x)| < sup. | f(x) —p(x)].

a<x<b a<x<

De Boor (1978, page 31) pointed out that for n < 20,

sup [f(x) —p(x)|<4 sup [f(x)—p*(x)|.

a<x<b a<x<b
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This indicates that the error of interpolation which results from the use of
Lagrange polynomials in combination with Chebyshev points does not exceed
the minimum approximation error by more than a factor of 4 for n < 20. This
is a very useful result, since the derivation of the best approximating
polynomial can be tedious and complicated, whereas a polynomial approxi-
mation obtained by Lagrange interpolation that uses Chebyshev points as
interpolation points is simple and straightforward.

9.2.2. A Combination of Interpolation and Approximation

In Section 9.1 we learned how to approximate a continuous function f:
[a,b] = R with a polynomial by applying the Weierstrass theorem. In this
section we have seen how to interpolate values of f on [a,b] by using
Lagrange polynomials. We now show that these two processes can be
combined. More specifically, suppose that we are given n + 1 distinct points
in [a, b], which we denote by a,, ay,...,a, with a,=a and a, =b. Let €>0
be given. We need to find a polynomial g(x) such that |f(x) —g(x)| < € for
all x in [a, b], and f(a;) =q(a), i=0,1,...,n.
By Theorem 9.1.1 there exists a polynomial p(x) such that

|f(x) —p(x)|<e"  forall x€[a,b],

where €’ < e/(1 + M), and M is a nonnegative number to be described later.
Furthermore, by Theorem 9.2.1 there exists a unique polynomial u(x) such
that

u(a;) =f(a;) —p(a,), i=0,1,...,n.

This polynomial is given by

n

u(x) = b [f(ai) _p(ai)]li(x)’ (9.20)

i=0

where /,(x) is the ith Lagrange polynomial defined in formula (9.13). Using
formula (9.20) we obtain

afsnxazb lu(x)| < X [ f(a) _P(ai)lagagxb |7:(x)]

i=0
<e'M,

where M = X!, max,_,_,I/,(x)|, which is some finite nonnegative number.
Note that M depends only on [a, b] and a, ay,...,a,. Now, define q(x) as
q(x) =p(x) + u(x). Then

q(ai) =p(ai)+u(ai) =f(ai)’ i=0,1,...,}’l.
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Furthermore,

|£(x) —a(x) [ <|f(x) = p(x) [ +]u(x)]
<e' +e'M
<e forall x€[a,b].

9.3. APPROXIMATION BY SPLINE FUNCTIONS

Approximation of a continuous function f(x) with a single polynomial p(x)
may not be quite adequate in situations in which f(x) represents a real
physical relationship. The behavior of such a function in one region may be
unrelated to its behavior in another region. This type of behavior may not be
satisfactorily matched by any polynomial. This is attributed to the fact that
the behavior of a polynomial everywhere is governed by its behavior in any
small region. In such situations, it would be more appropriate to partition the
domain of f(x) into several intervals and then use a different approximating
polynomial, usually of low degree, in each subinterval. These polynomial
segments can be joined in a smooth way, which leads to what is called a
piecewise polynomial function.

By definition, a spline function is a piecewise polynomial of degree n. The
various polynomial segments (all of degree n) are joined together at points
called knots in such a way that the entire spline function is continuous and its
first n — 1 derivatives are also continuous. Spline functions were first intro-
duced by Schoenberg (1946).

9.3.1. Properties of Spline Functions

Let [a, b] can be interval, and let a =7, <7, < -- <7, <7,,, =b be parti-
tion points in [a, b]. A spline function s(x) of degree n with knots at the
points 7,,7,,..., 7, has the following properties:

i. s(x) is a polynomial of degree not exceeding n on each subinterval
[r_,ml1<i<m+1.

ii. s(x) has continuous derivatives up to order n — 1 on [a, b].

In particular, if n = 1, then the spline function is called a linear spline and
can be represented as

m

s(x)= Y alx—1l,

i=1

where a,, a,, ..., a,, are fixed numbers. We note that between any two knots,
lx — 7], i=1,2,...,m, represents a straight-line segment. Thus the graph of
s(x) is made up of straight-line segments joined at the knots.
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We can obtain a linear spline that resembles Lagrange interpolation: Let

0y, 04,...,0,., be given real numbers. For 1 <i <m, consider the functions
x—m
, TeSX= Ty,
Iy(x)=¢{ To™ T
0, T EXZ Ty
0, x&[1 1,70
X— T,
, T <x<T,
L(x)=¢{ Ti= Tz
Tiv1 —X
> T <X=<Tiiq»
Tiv1 — T
0, To<X< T,
i x) = xX—T,
m+1( ) _ TmsxsTm+1
Tm+1 — Tm
Then the linear spline
m+1
s(x) = X 6,1(x) (9:21)
i=0

has the property that s(r;) = 6,, 0 <i <m + 1. It can be shown that the linear
spline having this property is unique.

Another special case is the cubic spline for n =3. This is a widely used
spline function in many applications. It can be represented as s(x) =s,(x) =
a,+bx+c;x*+dx*, 1,_,<x<rt, i=1,2,...,m+1, such that for i=
1,2,...,m,

5i(7) =5;01(72),
si(m) =5i41(7)s

si(m) =si (7).

In general, a spline of degree n with knots at 7, 7,,..., T,

- 1s represented
as

() = Le(r= )] +p(x), (9.22)
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where e, ¢e,,...,¢,

(x— ’Ti)n, X =T,

(X_Ti)+={0, X< T,

1

For an illustration, consider the cubic spline

s(x) = {

a,+bx+cx*+dx*, a<x<r

are constants, p(x) is a polynomial of degree n, and

a, +b,x+c,x*+d,x*, T<x<b

Here, s(x) along with its first and second derivatives must be continuous at

x = 7. Therefore, we must have

ay +bir+e i +dim’ =a, + byt oyt +d,yT, (9.23)
b, +2c,7+3d; 7> =b,+ 2c,7+ 3d,7?, (9.24)
2¢, + 6d,7=2c, + 6d,T. (9.25)
Equation (9.25) can be written as
c,—c,=3(dy—d))T. (9.26)
From equations (9.24) and (9.26) we get
b, —b,+3(dy—d,)m>=0. (9.27)

Using now equations (9.26) and (9.27) in equation (9.23), we obtain a, —a, +
3(d, —dy)r*+3(d, —d )+ (d, — d,)r* =0, or equivalently,

a,—a,+(d, —d,)m*=0.

We conclude that

(9.28)

1 1 1
dz_d1:?(a1_az):?(b2_b1)=§(Cl_cz)- (9.29)

Let us now express s(x) in the form given by equation (9.22), that is,

s(x)=e(x—7)%+ ay+ o x + a, x>+ azx’.

In this case,

a,=a, a, =b,, o, =Cq, oy

3

=d1’
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and
—em’ +ay=a,, (9.30)
3e,7*+ a; =b,, (9.31)
—3e T+ a,=c,, (9.32)
e, ta;=d,. (9.33)

In light of equation (9.29), equations (9.30)—(9.33) have a common solu-
tion for e, given by e, =d,—d, =1/37)c,—c,)=0/37*)Nb,—b,) =
a/7m*Xa, — a,).

9.3.2. Error Bounds for Spline Approximation

Leta=7,<7, <+ <7, <7, , =b be a partition of [a, b]. We recall that
the linear spline s(x) given by formula (9.21) has the property that s(r,) = 6,,
0<i<m+1, where 6,6,,...,0,,., are any given real numbers. In particu-
lar, if 6; is the value at 7, of a function f(x) defined on the interval [a, b],
then s(x) provides a spline approximation of f(x) over [a, b] which agrees
with f(x) at 7y, 7y,...,7,.,. If f(x) has continuous derivatives up to order 2
over [a, b], then an upper bound on the error of approximation is given by

(see De Boor, 1978, page 40)

2
max |f(x)—s(x)|< é(maxAﬂri) max | f®(x)],
a<x<b i a<x<b

where A1, =7, —7,i=0,1,..., m. This error bound can be made small by
reducing the value of max; Ar,.

A more efficient and smoother spline approximation than the one pro-
vided by the linear spline is the commonly used cubic spline approximation.
We recall that a cubic spline defined on [a, b] is a piecewise cubic polynomial
that is twice continuously differentiable. Let f(x) be defined on [a, b]. There
exists a unique cubic spline s(x) that satisfies the following interpolatory
constraints:

s(m) =f(m), i=0,1,....m+1,
s'(79) =f'(79),
s,(Tm+1) =f,(7m+1)’ (934)

(see Prenter, 1975, Section 4.2).

If f(x) has continuous derivatives up to order 4 on [a, b], then information
on the error of approximation, which results from using a cubic spline, can be
obtained from the following theorem, whose proof is given in Hall (1968):
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Theorem 9.3.1. Let a=7,<7, < - <71,<7,,,=>b be a partition of
[a,b]. Let s(x) be a cubic spline associated with f(x) and satisfies the
constraints described in (9.34). If f(x) has continuous derivatives up to order
4 on [a, b], then

4
max |f(x)—s(x)|s%4(rnaXATi) max |f@(x)],
a<x<b ’ i a<x<b

where Ar, =71, —7,i=0,1,...,m.

Another advantage of cubic spline approximation is the fact that it can be
used to approximate the first-order and second-order derivatives of f(x).
Hall and Meyer (1976) proved that if f(x) satisfies the conditions of Theorem
9.3.1, then

3
max | f'(x) —s'(x)| < 3 maxA7,)” max |[F9(x)],
a<x<b i a<x<b

2
max |f"(x)—s" x)|s%(maxA'rl—) max | f®(x)].
a<x<b i a<x<b

Furthermore, the bounds concerning |f(x) —s(x)| and [f'(x)—s'(x)| are
best possible.

9.4. APPLICATIONS IN STATISTICS

There is a wide variety of applications of polynomial approximation in
statistics. In this section, we discuss the use of Lagrange interpolation in
optimal design theory and the role of spline approximation in regression
analysis. Other applications will be seen later in Chapter 10 (Section 10.9).

9.4.1. Approximate Linearization of Nonlinear Models
by Lagrange Interpolation

We recall from Section 8.6 that a nonlinear model is one of the form
y(x) =h(x,0) + €, (9.35)

where x = (x4, x,,..., x;)' is a vector of k input variables, 0 = (6,, 6,,..., Bp)’
is a vector of p unknown parameters, € is a random error, and h(x,0) is a
known function which is nonlinear in at least one element of 0.

We also recall that the choice of design for model (9.35), on the basis of
the Box—Lucas criterion, depends on the values of the elements of @ that
appear nonlinearly in the model. To overcome this undesirable design
dependence problem, one possible approach is to construct an approximation
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to the mean response function A(x,0) with a Lagrange interpolating polyno-
mial. This approximation can then be utilized to obtain a design for parame-
ter estimation which does not depend on the parameter vector 6. We shall
restrict our consideration of model (9.35) to the case of a single input
variable x.

Let us suppose that the region of interest, R, is the interval [a, b], and that
0 belongs to a parameter space (). We assume that:

a. h(x,0) has continuous partial derivatives up to order r + 1 with respect
to x over [a,b] for all € ), where r is such that r+1>p with p
being the number of parameters in model (9.35), and is large enough so

that
2 ( b—a )’“
— sup

" h(x,0)
(r+—1)! 4 a<x<b

<8 (936)

for all @ € ), where § is a small positive constant chosen appropriately
so that the Lagrange interpolation of 4(x,0) achieves a certain accu-
racy.

b. h(x,0) has continuous first-order partial derivatives with respect to the
elements of 0.

c. For any set of distinct points, x,, x,,..., x,, such that a <x, <x, < -
<x, < b, where r is the integer defined in (a), the p X (r + 1) matrix

U(0) = [Vh(x,,0): Vh(x,,0):--:Vh(x,,0)]

is of rank p, where Vh(x;,0) is the vector of partial derivatives of
h(x;,0) with respect to the elements of 6 (i=0,1,...,r).

Let us now consider the points z, zy,..., z,, where z; is the ith Cheby-
shev point defined by formula (9.18). Let p,(x,0) denote the corresponding
Lagrange interpolating polynomial for 4(x,®) over [a, b], which utilizes the
z/’s as interpolation points. Then, by formula (9.14) we have

p(5,0) = ¥ (2, 0)4(x), (9.37)

i=0

where [,(x) is a polynomial of degree r which can be obtained from formula
(9.13) by substituting z; for a; (i =0,1,...,r). By inequality (9.19), an upper
bound on the error of approximating 4(x,®) with p,(x, ) is given by

" h(x,0)
sup |h(x,0) —p,(x ot |

,0)| < ———
a<x<b )| (r+ 1)! o

a<x<b

b—a r+1
N
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However, by inequality (9.36), this upper bound is less than §. We then have
sup |h(x,0) —p,(x,0)]<8 (9.38)

a<x<b

for all @ € Q). This provides the desired accuracy of approximation.
On the basis of the above arguments, an approximate representation of
model (9.35) is given by

y(x)=p,(x,0) +e. (9.39)

Model (9.39) will now be utilized in place of h(x,0) to construct an optimal
design for estimating 0.

Let us now apply the Box—Lucas criterion described in Section 8.6 to
approximate the mean response in model (9.39). In this case, the matrix H(0)
[see model (8.66)] is an n X p matrix whose (u, i)th element is dp,(x,,0)/d6;,

where x, is the design setting at the uth experimental run (u=1,2,...,n)
and 7 is the number of experimental runs. From formula (9.37) we than have
ap,(x,,0 " dh(z;
(8—0) Z ( )](xu), i=1,2,...,p.

These equations can be written as
Vp(x,,8) =U(6)A(x,),
where N(x,) =[l(x,),1(x,),...,1(x,)] and U(@) is the p X (r + 1) matrix
U(0) = [Vh(z,,0): VA(z,,0):--:Vh(z,,0)].

By assumption (c), U(0) is of rank p. The matrix H(0) is therefore of the
form

H(0) = AU'(9),
where
A= [N(x): A(xy) i h ()]
Thus
H'(6)H(0) =U(0) A'AU'(0). (9.40)
If n>r+ 1 and at least r + 1 of the design points (that is, x,, x,,..., x,) are

distinct, then A’A is a nonsingular matrix. To show this, it is sufficient to
prove that A is of full column rank r+ 1. If not, then there must exist
constants «, ay, ..., @,, not all equal to zero, such that

r

Y eli(x,) =0, u=1,2,...,n.

i=0
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This indicates that the rth degree polynomial Y!_,«,l,(x) has n roots,
namely, x;, X,,...,x,. This is not possible, because n >r+ 1 and at least
r+1of the x,’s(u=1,2,...,n) are distinct (a polynomial of degree r has at
most r distinct roots). This contradiction implies that A is of full column
rank and A’A is therefore nonsingular.

Applying the Box—Lucas design criterion to the approximating model
(9.37) amounts to finding the design settings that maximize det[H'(6)H(0)].
From formula (9.40) we have

det[H'(0)H(0)] = det[U(0) A'’AU'(0)]. (9.41)

We note that the matrix A’A =X"_, A(x,)N'(x,) depends only on the design
settings. Let v, (x;, x,,...,x,) and y,,.(x, x,,..., x,) denote, respectively,
the smallest and the largest eigenvalue of A’A. These eigenvalues are
positive, since A’A is positive definite by the fact that A’A is nonsingular, as

was shown earlier. From formula (9.41) we conclude that
det[U(0)U'(0)]v2, (x1, X5,..., x,) <det[H'(0)H(0)]
<det[U(0)U(0)]pl (X1, X5,...,%,).

(9.42)
This double inequality follows from the fact that the matrices
Voax (X1, X0, o .., x,)U(B)U'(6) — H'(6)H(O6) and H'(6)H(0) —
Voin (X1, X5, ..., x,)U(O)U’(0) are positive semidefinite. An application of

Theorem 2.3.19(1) to these matrices results in the double inequality (9.42)
(why?). Note that the determinant of U(8)U’(0) is not zero, since U(6)U'(0),
which is of order p X p, is of rank p by assumption (c).

Now, from the double inequality (9.42) we deduce that there exists a
number vy, 0 < y < 1, such that

det[H'(0)H(0)] = [ynfia (21, %2, x,) + (1= y) mhu (X1 X2, X)) ]
X det[U(0)U’'(0)].

If  is integrated out, we obtain

foldet[H’(G)H(B)] dy =3[ (X1, %500 x,) + vl (X1, X050, X)) ]
x det[U(0)U’(0)].

Consequently, to construct an optimal design we can consider finding
Xy, X5, ..., X, that maximize the function

(xy, Xy, x,) =3[ vl (X, X5, ., x,) + 12 (X, x50, x,)] . (9.43)
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This is a modified version of the Box—Lucas criterion. Its advantage is that
the optimal design is free of 8. We therefore call such a design a parameter-
free design. The maximization of ¢(x,, x,,..., x,) can be conveniently car-
ried out by using a FORTRAN program written by Conlon (1991), which is
based on Price’s (1977) controlled random search procedure.

ExampLE 9.4.1. Let us consider the nonlinear model used by Box and
Lucas (1959) of a consecutive first-order chemical reaction in which a raw
material A reacts to form a product B, which in turn decomposes to form
substance C. After time x has elapsed, the mean yield of the intermediate
product B is given by

0,
01 - 02

h(x,0) = (e —e ),

where 6, and 6, are the rate constants for the reactions 4 — B and B — C,
respectively.

Suppose that the region of interest R is the interval [0,10]. Let the
parameter space () be such that 0 < 6, <1, 0 < 6, < 1. It can be verified that

9" h(x,0 0
( ) — (_1)r+1 1 (0£+1 6*62){_ 0{+1 6*91)().

r+1
(9X+ 01_02

Let us consider the function w(x, ¢)= ¢’ "' e~ **. By the mean value theo-
rem (Theorem 4.2.2),

aw(x,0,)
ap

9£+1 e—Ozx _ Glr+l e—le — (02 _ 01)

where dw(x, 0,,)/d¢ is the partial derivative of w(x, ¢) with respect to ¢
evaluated at 0,, and where 6, is between 0, and 6,. Thus

0rtle 02 — g/t e = (9, — 01)[(r+ 1)0Le %" — Of,flxe_(’*x].
Hence,

" h(x,0)

Py < 6,05 sup [e"’*"lr%—l—xe*l]
X

0<x<10

sup
0<x<10

< sup |r+1—x0,].

0<x<10
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However,

r+1—x60, ifr+1=>x6,,

lr+1—x6,| = —r—14+x0, ifr+1<x6,.

Since 0 <x0, <10, then

sup |r+1-x6,| <max(r+1,9-r).

0<x<10
We then have
3" h(x,0)
sup | ———— | <max(r+1,9—r).
0<x<10 dax

By inequality (9.36), the integer r is determined such that
2 10 r+1
m T) max(r+1,9—r)<8.

427

(9.44)

If we choose &= 0.053, for example, then it can be verified that the smallest
positive integer that satisfies inequality (9.44) is r = 9. The Chebyshev points
in formula (9.18) that correspond to this value of r are given in Table 9.2. On
choosing n, the number of design points, to be equal to r + 1 = 10, where all
ten design points are distinct, the matrix A in formula (9.40) will be
nonsingular of order 10 X 10. Using Conlon’s (1991) FORTRAN program for
the maximization of the function ¢ in formula (9.43) with p =2, it can be
shown that the maximum value of ¢ is 17.457. The corresponding optimal

values of x,, x,,..., x,, are given in Table 9.2.

Table 9.2. Chebyshev Points and Optimal Design
Points for Example 9.4.1

Chebyshev Points Optimal Design Points
9.938 9.989
9.455 9.984
8.536 9.983
7.270 9.966
5.782 9.542
4218 7.044
2.730 6.078
1.464 4.038
0.545 1.381

0.062 0.692
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9.4.2. Splines in Statistics

There is a broad variety of work on splines in statistics. Spline functions are
quite suited in practical applications involving data that arise from the
physical world rather than the mathematical world. It is therefore only
natural that splines have many useful applications in statistics. Some of these
applications will be discussed in this section.

9.4.2.1. The Use of Cubic Splines in Regression

Let us consider fitting the model

y=g(x) +e, (9.45)

where g(x) is the mean response at x and € is a random error. Suppose that
the domain of x is divided into a set of m + 1 intervals by the points
7y<T <+ <1, <7,,, such that on the ith interval (i =1,2,...,m + 1),
g(x) is represented by the cubic spline

si(x)=a;+bx+c;x*+dx*, 1_, <x<r7,. (9.46)

As was seen earlier in Section 9.3.1, the parameters a;,b;,c;,d; (i=
1,2,...,m + 1) are subject to the following continuity restrictions:

a,+b1+crP+dri=a,.  +b, T +c, 77 +d T, (9.47)
that is, s.(7,) =s,, (), i=1,2,...,m;
b,+2c,;m;+3d, 77 =b,,, +2¢; .7, +3d,, 7, (9.48)
that is, si(7;) =5, (7)), i=1,2,...,m; and
2¢,+ 6d.r.=2c,,, +6d..,7., (9.49)

that is, s7(7,) =s7,,(7), i=1,2,...,m. The number of unknown parameters
in model (9.45) is therefore equal to 4(m + 1). The continuity restrictions
(9.47)-(9.49) reduce the dimensionality of the parameter space to m + 4.
However, only m + 2 parameters can be estimated. This is because the spline
method does not estimate the parameters of the s,’s directly, but estimates
the ordinates of the s;’s at the points 7., 7,..., T, ., that is, s,(r,) and s,(7,),
i=1,2,...,m+ 1. Two additional restrictions are therefore needed. These
are chosen to be of the form (see Poirier, 1973, page 516; Buse and Lim,
1977, page 64):

si(79) = mysi(7y),
or

2¢,+6d7y = my(2¢, + 6d,7y), (9.50)



APPLICATIONS IN STATISTICS 429
and

S;’?’l+1(Tm+1) = 77-erl‘S"r,nJrl(Tm)7
or

2cm+1 + 6dm+17m+1 = 7Tm+1(2cm+1 + 6dm+17m)7 (951)

where 7, and 7, , are known.

Let y,, y,,...,y, be n observations on the response y, where n>m + 2,
such that n; observations are taken in the ith interval [r,_,,7;], i=1,2,...,m
+ 1. Thus n=X"""n;. If Y\, Viny-ees Yin, are the observations in the ith
interval (i =1,2,...,m + 1), then from model (9.45) we have

yii=8(x;) + €;» i=1,2,....m+1;j=1,2,...,n;, (9.52)

1

where x;; is the setting of x for which y =y;;, and the ¢;’s are distributed
independently with means equal to zero and a common variance o 2. The
estimation of the parameters of model (9.45) is then reduced to a restricted
least-squares problem with formulas (9.47)—(9.51) representing linear restric-
tions on the 4(m + 1) parameters of the model [see, for example, Searle
(1971, Section 3.6), for a discussion concerning least-squares estimation
under linear restrictions on the fitted model’s parameters]. Using matrix
notation, model (9.52) and the linear restrictions (9.47)—(9.51) can be ex-
pressed as

y=XB +e, (9.53)
Cp =3, (9.54)

where y = (y;: y5: -+ 1 Yo ) With Y, = (35 Yigs o5 93 )5 i = 1,2, ,m + 1,X
= Diga(X,,X,,...,X,,;,) is a block-diagonal matrix of order n X [4(m + 1)]
with X, being a matrix of order n; X4 whose jth row is of the form
Lxxl,xl), j=12,..,n; i=12,...,m+1; B=(B): By 1 Blyy)
with B,=(a;, b;,¢;,d)', i=1,2,...,m+1; and e=(€}: €,: --: €,.,),
where €; is the vector of random errors associated with the observations in
the ith interval, i=1,2,...,m + 1. Furthermore, C=[C|: C;: C,: Ci],
where, for [=0,1,2,

—8,1/ e’ll 0, A 0’ 0,

C 0/ _ e/ZI e,21 cee 0/ 0/
1= . . .

0’ 0’ 0’ —e e

ml ml
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is a matrix of order m X [4(m + 1)] such that €,=(,7, 77, 7°), €, =
(0, 1,27i,31-i2), ¢, =1(0,0,2,67,),i=1,2,...,m, and

0 0 2(my—1) 6(myry—19) -+ 0 0 0 0

C3= 0 0 0 0 0 0 2(7Tm+1 _]) G(Werle_Terl)

is a 2X[4(m+ 1)] matrix. Finally, 8 =(8,: &: &,: &;)' =0, where the
partitioning of & into 8,, 8,, 8,, and &; conforms to that of C. Conse-
quently, and on the basis of formula (103) in Searle (1971, page 113), the
least-squares estimator of B for model (9.53) under the restriction described
by formula (9.54) is given by

B,=8-(xx) 'clexx)'c] (B -3)
—p-xx)'cfexx) e e,

where = (X'X) ' X'y is the ordinary least-squares estimator of .

This estimation procedure, which was developed by Buse and Lim (1977),
demonstrates that the fitting of a cubic spline regression model can be
reduced to a restricted least-squares problem. Buse and Lim presented a
numerical example based on Indianapolis 500 race data over the period
(1911-1971) to illustrate the implementation of their procedure.

Other papers of interest in the area of regression splines include those of
Poirier (1973) and Gallant and Fuller (1973). The paper by Poirier discusses
the basic theory of cubic regression splines from an economic point of view.
In the paper by Gallant and Fuller, the knots are treated as unknown
parameters rather than being fixed. Thus in their procedure, the knots must
be estimated, which causes the estimation process to become nonlinear.

9.4.2.2. Designs for Fitting Spline Models

A number of papers have addressed the problem of finding a design to
estimate the parameters of model (9.45), where g(x) is represented by a
spline function. We shall make a brief reference to some of these papers.
Agarwal and Studden (1978) considered a representation of g(x) over
0 <x <1 by a linear spline s(x), which has the form given by (9.21). Here,
g"(x) is assumed to be continuous. If we recall, the 6, coefficients in formula

(9.21) are the values of s at 7y, Ty,..., Ty 41-
Let xy, x,,..., x, be r design points in [0, 1]. Let y; denote the average of
n; observations taken at x; (i =1,2,...,r). The vector 8 =(6,, 0,,...,6,,,,)
can therefore be estimated by
0 = Ay, (9.55)
where y = (¥, ,,...,¥,) and A is an (m + 2) X r matrix. Hence, an estimate
of g(x) is given by
8(x) =1'(x)0=1(x)Ay, (9.56)

where I(x) =[1,(x), [ (x),..., 1, (X)].
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Now, E(8)=Ag,, where g, =[g(x)), g(x,),..., g(x)". Thus E[$(x)]=
I'(x)Ag,, and the variance of g(x) is

Var[ §(x)] = E[I'(x)0 —1'(x)Ag, |’
= ;l’(x)AD_lA’l(x),

where D is an r X r diagonal matrix with diagonal elements
n,/n,n,/n,...,n,/n. The mean squared error of g(x) is the variance plus
the squared bias of g(x). It follows that the integrated mean squared error
(IMSE) of g(x) (see Section 8.4.3) is

nw no

7= = ['Var[g(x)] dx + — ['Bias*[2(x)] d
o 0 (o 0
=V+B,

where w= ([} dx)"' =1, and
Bias’[ (x)] = [g(x) —V'(x)Ag,]".
Thus

n

202

1 1 2
J=5/011'(x)A1)*1A'1(x)dx+ fo[g(x)—l’(x)Ag,] dx

1 i n 1 , 2 di
= SUr(ADTIAM) + 5 [[[g(x) —I'(x)Ag, " dx,
where M = [/ 100)l'(x) dx.

Agarwal and Studden (1978) proposed to minimize J with respect to (i)
the design (that is, x, x,,...,x, as well as ny, n,,...,n,), (ii) the matrix A,
and (iii) the knots 7, 7,,..., 7,,, assuming that g is known.

Park (1978) adopted the D-optimality criterion (see Section 8.5) for the
choice of design when g(x) is represented by a spline of the form given by
formula (9.22) with only one intermediate knot.

Draper, Guttman, and Lipow (1977) extended the design criterion based
on the minimization of the average squared bias B (see Section 8.4.3) to
situations involving spline models. In particular, they considered fitting
first-order or second-order models when the true mean response is of the
second order or the third order, respectively.

9.4.2.3. Other Applications of Splines in Statistics

Spline functions have many other useful applications in both theoretical and
applied statistical research. For example, splines are used in nonparametric
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regression and data smoothing, nonparametric density estimation, and time
series analysis. They are also utilized in the analysis of response curves in
agriculture and economics. The review articles by Wegman and Wright (1983)
and Ramsay (1988) contain many references on the various uses of splines in
statistics (see also the article by Smith, 1979). An overview of the role of
splines in regression analysis is given in Eubank (1984).
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EXERCISES

In Mathematics

9.1.

9.2.

9.3.

9.4.

9.5.

9.6.

9.7.

9.8.

Let f(x) be a function with a continuous derivative on [0, 1], and let
b,(x) be the nth degree Bernstein approximating polynomial of f.
Then, for some constant ¢ and for all n,

sup |f(x) —b,(x)|< ’1167

O<xx<1

Prove Lemma 9.1.1.
Prove Lemma 9.1.2.

Show that for every interval [ —a, a] there is a sequence of polynomials
p,(x) such that p,(0)=0 and lim, ., p,(x) = |x| uniformly on [—a, a].

Suppose that f(x) is continuous on [0, 1] and that
[feoxrdr=0,  n=0,12,....
0

Show that f(x) =0 on [0, 1].
[Hint: [4f(x)p,(x)dx =0, where p,(x) is any polynomial of degree n.]

Suppose that the function f(x) has n + 1 continuous derivatives on
[a,b]l. Let a=a,<a, < - <a,=b be n+ 1 points in [a, b]. Then

hn+1

%+1
azcllzblf(x) —p(X)ISm,

where p(x) is the Lagrange polynomial defined by formula (9.14),
Tye1 =SUP, - o plf " P(x), and h =max(a,,; —a,), i=0,1,...,n — 1.
[ Hint: Show that |T17_,(x —a))| <n!(h"*! /4).]

Apply Lagrange interpolation to approximate the function f(x) = log x
over the interval [3.50,3.80] using a, = 3.50, a, = 3.60, a, = 3.70, and
a,=3.80 as interpolation points. Compute an upper bound on the
error of approximation.

Let a=71,<71,< - <7,=b be a partition of [a,b]. Suppose that
f(x) has continuous derivatives up to order 2 over [a, b]. Consider a
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cubic spline s(x) that satisfies
s(m) =f(7), i=0,1,...,n,
s'(a) =f"(a),
s'(b) =f'(D).

Show that

[l ez [ ()

9.9. Determine the cubic spline approximation of the function f(x)=

cos(2mx) over the interval [0, 7] using five evenly spaced knots. Give an
upper bound on the error approximation.

In Statistics

9.10.

9.11.

Consider the nonlinear model
y(x)=h(x,0) +e,
where
h(x,0) = 0,(1 - 6,¢7"),

such that 0 <60, <50,0<6,<1, 0<6;<1. Obtain a Lagrange inter-
polating polynomial that approximates the mean response function
h(x, 0) over the region [0, 8] with an error not exceeding &= 0.05.

Consider the nonlinear model

y=a+ (049 —a)exp[—B(x—8)] + €
where € is a random error with a zero mean and a variance o 2.
Suppose that the region of interest is the interval [10,40], and that the
parameter space () is such that 0.36 < @ <0.41, 0.06 < 8<0.16. Let
s(x) be the cubic spline that approximates the mean response, that is,
n(x, a, B)=a+(0.49 — a)exp[— B(x — 8)], over [10,40]. Determine
the number of knots needed so that

) ) - <0001
Jmax [n(x, @, B) —s(x)]

for all (a, B) € Q.
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9.12. Consider fitting the spline model

y=Bo+31X+Bz(x—a)2++6

over the interval [—1, 1], where « is a known constant, — 1 <a<1. A
three-point design consisting of x,, x,, x5 with —1 <x, <a<x, <x; <
1 is used to fit the model. Using matrix notation, the model is written as

y=XpB +e€.
where X is the matrix
1 x 0
X=|1 x, (xn-a)|,
1 x; (x-a)
and B = (B, By, B,)'. Determine x,, x,, x; so that the design is D-

optimal, that is, it maximizes the determinant of X'X.
[ Note: See Park (1978).]



